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A thermodynamically self-consistent non-stochastic micromagnetic model for the
ferromagnetic state
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In this work, a self-consistent thermodynamic approach to micromagnetism is presented. The
magnetic degrees of freedom are modeled using the Landau-Lifshitz-Baryakhtar theory, that sepa-
rates the different contributions to the magnetic damping, and thereby allows them to be coupled to
the electron and phonon systems in a self-consistent way. We show that this model can quantitatively
reproduce ultrafast magnetization dynamics in Nickel.
Micromagnetism typically relies on the phenomenolog-
ical theory developed by Landau and Lifshitz[1] that is
used to fit experimental data on a wide range of magne-
tization dynamics problems. However, this theory can-
not be applied to ultrafast magnetization phenomena
and spintronics, since it cannot account for changes of
the magnetization vector length (so-called longitudinal
magnetization dynamics)[2–5] and non-local exchange
damping[6–9]. The Landau-Lifshitz approach unifies all
possible relaxation mechanisms into one isotropic relax-
ation term of relativistic nature, making different contri-
butions to the intrinsic damping indistinguishable. How-
ever, as we approach the timescale of the exchange in-
teraction, the difference in nature, symmetry properties
and strength of the spin-electron and spin-phonon relax-
ation channels become more prominent. So the Landau-
Lifshitz approach is only valid for qubic lattices and in
case of relatively slow transverse magnetization dynam-
ics in a temperature range far away from the Curie point.
As we already mentioned, many emerging topics of the
nanomagnetism lie beyond this regime.
An advance has been made by Atxitia et al. [10] and
Atxitia and Chubykalo-Fesenko [11] by using a combi-
nation of the two-temperature (2T) model [12] and the
Landau-Lifshitz-Bloch (LLB) equation [13, 14] to de-
scribe magnetic response at elevated temperatures. This
approach naturally accounts for the longitudinal magne-
tization dynamics, but still relies on a single relativistic
scalar coupling-to-the-bath parameter and, thereby, does
not separately describe the relaxations of different ori-
gin, nor it includes the non-local damping. Secondly,
the model neglects spin-electron and spin-phonon energy
flows, thereby violating the energy conservation law (i.e.
the model uses the heat bath approximation for both
electron and phonon systems with respect to the spins).
The same approach is employed by Koopmans et al. [5]
in the so-called M3T model. This model is specifically
developed to explain ultrafast thermal demagnetization,
but neglects precessional dynamics as second-order effect
(on a much larger timescale). It has been demonstrated,
that both models are equivalent for the description of the
longitudinal dynamics[11].
At the same time self-consistent atomistic models have
been reported by Ma et al. [15] and Chimata et al. [16].
Although these theories comply with the energy conser-
vation law, they (a) oversimplify the temperature depen-
dence of the heat capacity of spins and the spin-electron
coupling constant and (b) cannot be easily mapped onto
the experimentally accessible micromagnetic scale. So
there is no universal approach to finite temperature mi-
cromagnetism.
In this letter we report on the development of a mi-
cromagnetic model that unifies and extends the previ-
ously developed approaches within a single framework.
Although the model is phenomenological, it allows for a
consistent physical interpretation of the spin relaxation
terms and their coupling to electron and phonon systems.
We rely on Baryakhtar’s theory [17–19] that derives
the following equation for the magnetization dynamics
and relaxation:
∂M
∂t
= −γLLM×H+ λˆ(M)H− λˆ
(e)
pq
∂2H
∂xp∂xq
(1)
where M, γ, H are the magnetization vector, the posi-
tively defined gyromagnetic ratio and the internal effec-
tive field, respectively. The terms in the right-hand side
of the equation describe the magnetic torque, the local
relativistic and the non-local exchange relaxations, re-
spectively. The LLB equation is the special case of eq.
(1).
The internal field is given by H = − δw
δM
= HMM+H‖,
where w is the Gibbs free energy density of the mag-
netic medium, HMM and H‖ denote micromagnetic and
longitudinal effective fields. The longitudinal field (his-
torically referred to as “molecular” field) is the micro-
magnetic representation of the microscopic exchange field
that arises from interaction of the spins with other quasi-
particles, namely electrons and phonons. It drives the
spin system to thermodynamic equilibrium via angular
momentum transfer. This field consists of two parts
H
‖ = H
‖
s−e + H
‖
s−p, i.e. a spin-electron (s − e) and a
spin-phonon (s−p) contribution[20]. The field implicitly
accounts for the spin fluctuations and optical magnons
that cannot be resolved on the micromagnetic scale. It
2has the following phenomenological form[13]
H
‖
i =
nkBTi
µ0Ms
BJ(m
θ
Ti
)−m
B
′
J (m
θ
Ti
)
m
m
(2)
where Ti is the temperature of the corresponding quasi-
particles (i = s − e, s − p). n, Ms and J are the
number density of atoms, zero-temperature saturation
magnetization and atomic moment, respectively and
m = M/Ms. θ =
3J2
J(J+1)Tc, where Tc is the Curie tem-
perature of the material. BJ denotes the Brillouin func-
tion for the given atomic moment. Eq. (2) accounts only
for competition between the microscopic exchange and
thermal fluctuations energies. The contribution of the
Zeeman interaction is explicitly included into the model.
Although eq. (1) and eq. (2) successfully describe the
ferromagnetic-to-paramagnetic phase transition, the op-
posite transition cannot be modeled without explicitly
considering short-order spin fluctuations[21], e.g. by in-
troducing a stochastic form of the model. This regime
lies beyond the scope of the present study.
The rank-2 tensors λˆ and λˆ
(e)
pq describe the strength of
the relativistic and exchange dissipations, respectively.
In contrast to the Landau-Lifshitz and Landau-Lifshitz-
Bloch models, the relativistic relaxation tensor obeys the
crystallographic and magnetic symmetries of the system.
So let us expand it into powers of M around the highest
symmetry magnetic state M = 0[19], i. e.
λˆ(M) = λˆ‖ + µˆpqMpMq +O(M
4) (3)
The relativistic relaxation tensors λˆ‖ and µˆ mimic the
crystallographic symmetry of the system over the cor-
responding spatial indices. Substituting of eq. (3) into
eq. (1) and assuming at least a uniaxial symmetry of the
media leads to
∂M
∂t
= −γLLM×H+
+ λˆ‖H− λˆ
(e)∆H+
+ µˆ‖(M ·H) ·M−M× µˆ⊥(M×H) (4)
where µˆ⊥ and µˆ‖ are decomposed from µˆpq to sepa-
rate conservative and non-conservative second-order re-
laxations, respectively. Let us rewrite all the relaxation
tensors via dimensionless coupling constants
λˆ‖ = −γLLMsα‖νˆ
λˆ(e) = −γLLMsa
2α
(e)
‖ νˆ
µˆ⊥ = −
γLLµ⊥
Ms
νˆ (5)
µˆ‖ = −
γLLµ‖
Ms
νˆ
where a is the lattice constant, νˆ describes crystallo-
graphic symmetry of the media, while α‖, α
(e)
‖ , µ⊥and
µ‖ define strength of the corresponding relaxations. Sub-
stitution of (5) into (4) we finally arrive at
1
γLL
∂m
∂t
= −m×H+R
s−e +Rs−p
R
s−e = α‖νˆH− α
(e)
‖ a
2νˆ∆H
R
s−p = µ‖νˆ(mH)m− µ⊥m× νˆ(m×H) (6)
The important property of the expansion (3) is that it
separates the zeroth-order paramagnetic relaxationRs−e
(independent of m) from the higher-order magnonic re-
laxation Rs−p (that depends on m). If we neglect the
non-local relaxation and assume that the length of the
magnetization vector is conserved, then eq. (6) reduces
to the Landau-Lifshitz equation with a damping constant
that is the sum of Baryakhtar’s local relaxation constants
αLL = α‖ + µ⊥.
Baryakhtar has pointed out that the expansion of the
relaxation tensors (3) is analogous to the expansion of
the Gibbs free energy of a magnetic medium. So the
quadratic relaxation terms in eq. (6) should describe re-
laxation due to the spin-orbit and, thereby, spin-phonon
coupling[22–24]. This conclusion is also consistent with
the spin-electron-lattice model developed by Ma et al.
[15] who showed the spin-phonon coupling is at least
a four-spin correlation function. At the same time the
zeroth-order relativistic paramagnetic relaxation is in-
dependent of the magnetic configuration, and so can-
not be attributed to spin-orbit coupling. According to
Overhauser [25], the main relativistic contribution to the
relaxation in paramagnets is the spin-electron spin-flip
scattering (due to the interactions with the electron spin
and current) . Finally, according to the review of Fähnle
and Zhang [8], the zero-oder non-local damping in met-
als of a form similar to eq. (3) is due to spin-electron s-d
exchange interaction [26]. So to summarize, the zeroth-
order and higher-order relaxation terms in eq. (6) must
describe spin-electron and spin-phonon couplings, respec-
tively. This classification is the first important feature of
the proposed micromagnetic model.
The second problem addressed by this model is the
compliance with the energy conservation law. To cou-
ple the LLBar model to the corresponding heat transfer
equations, we calculate the rate of the energy density
change due to the different dissipations. We emphasize
that the Gibbs free energy depends on the entropy of the
system, i.e. w = w(s), where s is the entropy density.
So the rate of the energy density change at the constant
entropy density is given by the following expression
(
dwi
dt
)s =
∂wi
∂t
−
∂wi
∂s
∂s
∂t
=
∂wi
∂t
− 2
∂qi
∂t
(7)
3where ∂wi
∂t
= −γLLnkBθmRi describes change of the in-
ternal energy density due to the the molecular field [27]
and ∂qi
∂t
= 12
∂wi
∂s
∂s
∂T
= 12γµ0MsHRi is the Baryakhtar’s
dissipative function. The indices denote the type of the
relaxation channel. Finally, we assume that the thermo-
dynamics of the electrons and phonons is governed by a
2T model
Ce(Te)
∂Te
∂t
= ke∆Te +Ge−p(Tp − Te)−
dws−e
dt
Cp(Tp)
∂Tp
∂t
= kp∆Tp +Ge−p(Te − Tp)−
dws−p
dt
(8)
where Ti, Ci, ki and Ge−p are the temperature, volume-
specific heat capacity, heat conductance and macroscopic
electron-phonon coupling constant, respectively. The
volume-specific heat capacity of the phonons is estimated
from the Debye model, while for the electrons a linear
temperature law is assumed Ce = γTe. In general, the
electron-phonon coupling Ge−p and γ both depend on the
temperature of the electrons. For the sake of simplicity
we assume that these quantities are constant. We should
be able to refine our model by calculating them from
the Fermi distribution and DOS of electrons, but this
approach lies beyond the scope of the present study. Fi-
nally, the system of coupled equations (6) and (8) forms
a thermodynamically self-consistent non-stochastic mi-
cromagnetic model. It is worth noting, that our model
correctly reproduces the specific heat of spins given by
the mean-field approximation in the temperature range
of [0, Tc].
We would like to emphasize that neither LLB nor M3T
nor the proposed model account for the angular mo-
mentum conservation law and thereby cannot be strictly
used to identify the microscopic scattering mechanisms
responsible for the ultrafast heat-induced demagnetiza-
tion. This can only be achieved using full spin-electron-
phonon model in the spirits of the one used by Ma et al.
[15].
Now we apply our model to the problem of the ul-
trafast laser heating of Nickel that was systematically
investigated by Roth et al. [28]. Hereafter we refer
to the data acquired at fixed ambient temperature (of
Tamb = 300K) using varying laser fluence as fluence
data, while the data acquired at fixed laser fluence (of
F0 = 35 Jm
−2) using varying ambient temperature as
the temperature data. In the simulations we neglect the
direct magnon-phonon relaxation mechanism, since in
Nickel it happens on a timescale well beyond the ultra-
fast dynamics[29]. We also neglect any heat-transport,
i.e. ke = kp ≡ 0, since (a) sample thickness is assumed
to be comparable to the skin-depth, (b) the ratio between
the diameters of the pump and probe spots used in the
experiments is around 250 : 1 and (c) the heat trans-
fer is much slower than the local longitudinal magneti-
zation dynamics. The values of the Debye temperature
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Figure 1: Temperature dependence of the longitudinal mag-
netization dynamics. The solid lines represent the best fits of
the proposed micromagnetic model to the experimental data
from Ref. [28] (shown as symbols).
θD = 390K, γ = 4.51·10
−3 JK−2mol−1 and TC = 633K
are all extracted from Ref. [30]. The atomic moment
of Nickel is J = 12 . The laser pulse is assumed to be
Gaussian with FWHM 50 fs. The light absorption A
, Ge−p and α‖ were all estimated using the Levenberg-
Marquardt least-squares fitting algorithm from the SciPy
set of libraries[31]. The solutions to the system of equa-
tions (6) and (8) are calulcated using the in-house devel-
oped open-source hotspin micromagnetic solver [32].
Our analysis shows that for the fluence data, the es-
timated values of the aforementioned parameters were
significantly different from those estimated from the tem-
perature data. In a private communication, the authors
of the experimental study confirmed that (a) the temper-
ature and fluence data were acquired from different sam-
ples and (b) the fluence data acquisition was performed
without any means of the temperature control leading
to the accumulation of the residual heat. We account
for this effect by introducing the ad-hoc linear depen-
dence of the ambient temperature on the laser fluence,
i.e. Tamb = (8.89KJ
−1m2)F0.
The best fits of our model to the experimental data
are shown in Fig. 1 and Fig. 2 for the temperature
and fluence data, respectively. The correlation between
the zero-order relativistic relaxation and electron-phonon
coupling constants is shown in Fig. (3). The fit shows al-
most no correlation between these two quantities suggest-
ing that the ultrafast angular momentum transfer hap-
pens only within the spin-electron subsystem. This is in
contrast to M3T model that assumes that the angular
momentum is transferred to the lattice and predicts a
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Figure 2: Fluence dependence of the longitudinal magnetiza-
tion dynamics. The solid lines represent the best fits of the
proposed micromagnetic model to the experimental data from
Ref. [28] (shown as symbols).
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Figure 3: Zero-order relaxation constant with respect to the
electron-phonon coupling constant as extracted by fitting the
proposed micromagnetic model to the experimental data from
Ref. [28].
linear dependence between (longitudinal) damping and
electron-phonon coupling constants. However, the im-
portance of the electron-phonon coupling in the ultrafast
magnetization dynamics should not be underestimated,
since it provides the ultrafast energy dissipation chan-
nel (possibly via the inelastic electron-phonon scattering)
and, thereby, maintains the magnetization recover. So
our findings question the widely accepted hypothesis of
the phonon-mediated Elliot-Yafet mechanism dominance
in the ultrafast magnetization dynamics, consistent with
ab-initio calculations performed by Carva et al. [33] and
partly consistent with estimations of Illg et al. [29] who
suggested to include the spin-electron scattering into con-
sideration of the ultrafast magnetization dynamics.
For the temperature data, a gradual decrease of the
electron-phonon coupling constant is observed, consis-
tent with the electron DOS calculations from Ref. [34].
In contrast, for the fluence data the opposite effect is
observed. We believe this is artificial, since the exact
experimental conditions are unknown in this case. This
observation urges higher quality measurements with finer
steps in both laser fluence and ambient temperature.
The fit gives the following bounds for the relevant
parameters: α‖ = (1.34 ± 0.24) · 10
−2 consistent with
αLL = 1.30 ·10
−2 estimated from Q-band FMR measure-
ments [35], A = 0.19 ± 0.05 consistent with A = 0.21
measured at Tamb = 4.2K using continuous excitation
of 1µm wavelength[36]. Unfortunately, there is no con-
sistent data on the value of the macroscopic electron-
phonon coupling constant, since it is typically estimated
indirectly, e. g. using the three-temperature model
where thermodynamic parameters are assumed to be con-
stant [2]. Nevertheless, we estimated that Ge−p(Te) ∈
[0.91, 1.97] · 1013WK−1mol−1 that is below the upper
bound of Ge−p(0) = 2.13 ·10
13WK−1mol−1 provided by
the electron DOS calculations[34].
In contrast to the LLB and M3T models, we assume
that the relaxation constants are independent of the elec-
tron and (or) phonon temperatures. In fact, the fitting
shows a weak temperature dependence of the zero-order
relativistic damping constant for Tamb 6 400K, with
prominent enhancement for Tamb = 480K. This might
suggest an activation (or significant enhancement) of an
alternative relaxation channel, e.g. phonon-mediated
Elliot-Yafet mechanism or spin super-diffusion. The fact
that the value of the electron-phonon coupling constant
is also enhanced (contradictory to the electron DOS
calculations) might indeed be a sign of the inelastic
phonon-mediated Elliot-Yafet mechanism that pops-up
only when exchange splitting becomes vanishing. The
influence of the non-local damping on the observed en-
hancement can only be estimated using atomistic simu-
lations.
In conclusion, we propose a model that solves two ma-
jor problems of finite-temperature micromagnetism: (i) it
provides physical interpretation of the relaxation terms
and (ii) it fully complies with the energy conservation
law. We show that the model quantitatively reproduces
recent experimental data on the ultrafast magnetization
dynamics in Nickel. It could be readily used to (a) quanti-
tatively estimate the LLBar-specific relaxation constants
from the experimental data and (b) to explore appli-
cations of spin caloritronics and heat-assisted magnetic
recording.
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